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Abstract
It is well-known that there exists a Hawking-Page phase transition between a spherical
AdS black hole and a thermal AdS space. The phase transition does not happen between
a Ricci flat AdS black hole whose horizon is a Ricci flat space and a thermal AdS space in
the Poincare coordinates. However, the Hawking-Page phase transition occurs between
a Ricci flat AdS black hole and an AdS soliton if at least one of horizon coordinates
for the Ricci flat black hole is compact. We show a similar phase transition betwen the
Ricci flat black holes and deformed AdS solitons in the Gauss-Bonnet gravity and the
dilaton gravity with a Liouville-type potential including the gauged supergravity coming
from the spherical reduction of Dp-branes in type II supergravity. In contrast to Einstein
gravity, we find that the high temperature phase can be dominated either by black holes
or deformed AdS solitons depending on parameters.
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1 Introduction
Since the AdS/CFT correspondence was proposed [1], a lot of attention has been focused
on the black holes in AdS space, and various properties of black holes in AdS space have
been studied. In the spirit of the AdS/CFT correspondence, Witten [2] has argued that
the thermodynamics of black holes in AdS space can be identified with that of dual strong
coupling CFTs in high temperature limit. Therefore one can discuss the thermodynamics
and phase structure of strong coupling CFTs by studying the thermodynamics of various
kinds of black holes in AdS space. Indeed, it is well-known that there exists a phase
transition between the Schwarzschild-AdS black hole and thermal AdS space, the so-
called Hawking-Page phase transition [3]: the black hole phase dominates the partition
function in a high temperature limit, while the thermal AdS space dominates in a low
temperature limit. That is, in the AdS space, thermal gas will collapse to form a stable
black hole when temperature increases. This phase transition is a first order one, and is
interpreted as the confinement/deconfinement phase transition in the dual CFTs [2].
One of remarkable properties of black holes in AdS space is that the black hole horizon
is not necessarily a sphere [4]. The case of black hole horizon being a Ricci flat surface was
first discussed in [5]. The black hole horizon can also be a negative constant curvature
surface [6]. These so-called topological black holes have been investigated in higher di-
mensions [7, 8, 9, 10] and in dilaton gravity [11, 12]. It was found that the Hawking-Page
phase transition, which happens for spherical AdS black holes, does not occur for Ricci
flat and negative curvature AdS black holes, the latter two being not only locally stable
(heat capacity is always positive), but also globally stable (see for example, [7]). Note
that to see whether a black hole is globally stable and a phase transition happens, one has
to calculate the Euclidean action of the black hole. As is well-known, the gravitational
action always diverges due to an infinite space. To get a finite result, one usually takes
two different approaches: one is the surface counterterm method, in which some surface
terms are added to result in a finite action; the other is called the background subtraction
method in which a suitable reference background is chosen so that the solution under
study can be asymptotically embedded into the reference background.
For the Ricci flat AdS black hole, which is the main topic of this paper, the conclusion
that the solution is globally stable and no Hawking-Page phase transition happens, is
drawn by choosing the AdS space in the Poincare coordinates as a reference background
(the surface counterterm method is equivalent to choosing the reference background in this
case). That is, one views the AdS space in the Poincare coordinates, a reference vacuum,
as the lowest energy state. Remarkably, as Horowitz and Myers [13] showed that there does
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exist another kind of gravitational configuration, which has lower energy than the AdS
space in the Poincare coordinates, but with the same boundary topology as the Ricci flat
black hole and the AdS space in the Poincare coordinates. The new configuration is called
the AdS soliton. Regarding the AdS soliton as a reference background, Surya, Schleich and
Witt [14] found that a phase transition will happen between the Ricci flat AdS black hole
and the thermal AdS soliton if at least one of black hole horizon coordinates is compact
(see also [15, 16]). The latter is required in order that the black hole can be asymptotically
embedded into the background. The compact direction of the horizon plays a crucial role
in the Hawking-Page phase transition. The possibility of quasi-normal modes as a probe
to the Hawking-Page phase transition has been discussed more recently [17].
In this paper, we discuss the Hawking-Page phase transition between Ricci flat black
holes and deformed AdS soliton in the Gauss-Bonnet gravity and dilaton gravity with
a Louville-type potential including the gauged supergravity comings from the spherical
reduction of Dp-branes in type II supergravity. The effect of Gauss-Bonnet term on the
Hawking-Page phase transition of spherical AdS black holes has been studied in [9]. In
the next section, we first discuss the Ricci flat black holes and deformed AdS soliton in the
Gauss-Bonnet gravity, and see the effect of the Gauss-Bonnet term on the phase transition
between the Ricci flat black hole and thermal AdS soliton. In Sec. 3, we consider the Ricci
flat black holes and associated deformed AdS soliton in dilaton gravity. The conclusion
is given in Sec. 4.
2 Deformed AdS Soliton and Ricci flat black holes in
Lovelock gravity
In this section we study Ricci flat black hole and AdS soliton in Gauss-Bonnet gravity in
p+ 2-dimensions, whose action is given by
S =
1
16πG
∫
dp+2x
√−g
(
R +
p(p+ 1)
l2
+ αRGB
)
, (2.1)
where RGB = RαβγδR
αβγδ − 4RµνRµν + R2 is the Gauss-Bonnet term, α is called the
Gauss-Bonnet coefficient with dimension (length)2, and l−2 is related to the cosmological
constant Λ = −p(p + 1)/2l2. Varying the action yields the equations of motion
Rµν − 1
2
gµνR =
p(p+ 1)
2l2
gµν + α
(
1
2
gµν(RγδλσR
γδλσ − 4RγδRγδ +R2)
− 2RRµν + 4RµγRγν + 4RγδRγ δµ ν − 2RµγδλR γδλν
)
. (2.2)
3
The Ricci flat black hole in the Gauss-Bonnet gravity is [9]
ds2 = −Vb(r)dt2 + Vb(r)−1dr2 + r2(dx2 + hijdxidxj), (2.3)
where 1
Vb(r) =
r2
2α˜
(
1−
√
1 +
64πGα˜Mb
pηbΣrp+1
− 4α˜
l2
)
, (2.4)
α˜ = (p − 1)(p − 2)α, Mb is an integration constant and is related to the mass of the
black hole, ηb is the period of the coordinate x (suppose it is compact), and Σ is the
volume of the (p − 1)-dimensional Ricci flat space described by hijdxidxj with topology
Mp−1 = Rp−1/Γ, where Γ is a finite discrete group. The dual CFT resides on a manifold
with topology R×S1×Mp−1, where S1 represents the period of the coordinate x. Taking
the limit α˜→ 0, we obtain Ricci flat AdS black holes in general relativity
Vb(r) =
r2
l2
− 16πGMb
pηbΣrp−1
. (2.5)
When Mb = 0, the solution reduces to
ds2 = −Vr(r)dt2 + Vr(r)−1dr2 + r2(dx2 + hijdxidxj),
Vr(r) =
r2
2α˜

1−
√
1− 4α˜
l2

 . (2.6)
This is an AdS space in the Poincare coordinates with the effective cosmological constant
radius l2eff = 2α˜/(1 −
√
1− 4α˜/l2). In addition, we see that the Gauss-Bonnet coefficient
must satisfy the condition 4α˜/l2 ≤ 1, otherwise the theory is not well-defined.
The black hole horizon r+ is determined by Vb(r+) = 0. Then the black hole mass can
be expressed in terms of the horizon r+ as
Mb =
pηbΣr
p+1
+
16πGl2
. (2.7)
The Hawking temperature of the black hole can be obtained by Wick rotating the black
hole solution (2.3) to its Euclidean sector
ds2 = Vb(r)dτ
2 + Vb(r)
−1dr2 + r2(dx2 + hijdx
idxj). (2.8)
To remove the conical singularity at r+ in the plane (τ, r), the Euclidean time τ must
have a period βb,
βb ≡ 1/Tb = 4πl
2
(p+ 1)r+
, (2.9)
1In fact, there are two branches for the solution. One branch is argued to be unstable, so we will not
discuss that branch [9].
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which is just the inverse Hawking temperature 1/Tb of the black hole. To calculate the
Euclidean action of the black hole (2.4) and to regularize the action, we choose the vacuum
solution (2.6) as a reference background. In order that the Euclidean black hole solution
(2.8) can be self-consistently embedded to the reference background, the Euclidean time
of the vacuum solution must have a period βr, which obeys
βr
√
Vr(rb) = βb
√
Vb(rb), (2.10)
where rb is the radial radius for a time-like hypersurface (r = rb > r+), which acts as the
boundary of the system. At the end of calculations, we will take the limit rb →∞. Then
the difference of the two Euclidean actions is 2
Ib ≡ Ib − Ir
= −ηbΣβb
16πG
∫ rb
r+
dr rp
(
R +
p(p+ 1)
l2
+ αRGB
)
+
ηbΣβr
16πG
∫ rb
0
dr rp
(
R +
p(p+ 1)
l2
+ αRGB
)
. (2.11)
Using (2.2), we have αRGB = −(pR+ p(p+1)(p+2)/l2)/(p− 2). And notice that for the
metric (2.3), one has R = −(rpVb)′′/rp. Calculating (2.11) and taking the limit rb → ∞,
we obtain
Ib = −ηbΣβb
16πG
rp+1+
l2
= − ηbΣ
16πGl2
(
4πl2
p+ 1
)p+1
1
βpb
. (2.12)
The thermal energy can be calculated via the formula
Eb ≡ ∂Ib
∂βb
=
pηbΣ
16πG
rp+1+
l2
= Mb, (2.13)
which gives the black hole mass (2.7). The entropy of the black hole can be obtained via
S = βbEb − Ib, and it gives
S =
ηbΣ
4G
rp+ =
A
4G
, (2.14)
where A is the horizon area. Very interestingly, although higher order derivatives appear
in the gravity action (2.1), the entropy of the Ricci flat black holes still obeys the so-called
area formula. This is the feature of Ricci flat horizon. This feature persists for Ricci flat
2In order to have a well-defined variable principle, there exist some surface terms in the action (2.1).
As the case of general relativity, however, those surface terms have no contributions to the difference of
Euclidean actions here.
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black holes in more general Lovelock gravity [10]. For black hole horizons with positive
or negative constant curvature, the area formula does no longer hold in Gauss-Bonnet
gravity. In addition, let us calculate the heat capacity of the black hole
C =
∂Mb
∂Tb
=
pηbΣ
4G
rp+. (2.15)
The heat capacity is always positive, which indicates that the black hole can make thermal
equilibrium with the surrounding thermal bath. The negative definiteness of the Euclidean
action (2.12) implies that the black hole is globally stable, and that the dual CFT is in
the deconfinement phase. Unlike its spherical black hole counterpart, the Hawking-Page
phase transition does not appear here.
In [13], Horowitz and Myers found that there exists a so-called AdS soliton solution
in Einstein gravity with a negative cosmological constant, which has a lower mass than
the AdS vacuum. The AdS soliton is obtained through a double-analytical continuation.
In our case, naturally we may expect that the AdS vacuum (2.6) is not the lowest mass
solution; following [13] we can obtain the AdS soliton in the Gauss-Bonnet gravity via
analytically continuing the Ricci flat black hole (2.3) with t → iϕ and x → it. Then we
get a new solution
ds2 = Vs(r)dϕ
2 + Vs(r)
−1dr2 + r2(−dt2 + hijdxidxj), (2.16)
where
Vs(r) =
r2
2α˜

1−
√
1 +
4α˜rp+1s
l2rp+1
− 4α˜
l2

 (2.17)
This solution is just the AdS soliton counterpart in Gauss-Bonnet gravity. Obviously
there does not exist any horizon in the solution, but a conical singularity at r = rs, which
obeys Vs(rs) = 0. To remove this singularity, the coordinate ϕ must have a period βs,
βs =
4πl2
(p+ 1)rs
. (2.18)
This solution is asymptotically AdS, and dual CFT now resides on manifold with topology
S1 × R ×Mp−1, where S1 denotes the period of the coordinate ϕ. In addition, let us
mention here that the radial coordinate r for the soliton solution ranges from rs to ∞.
For the soliton solution (2.17), a natural reference background is the case with rs = 0,
namely to replace Vs in (2.16) by the same Vr(r) given in (2.6). Again, to match the
vacuum background, the period βr of the coordinate ϕ for the reference background must
obey the condition, βr
√
Vr(rb) = βs
√
Vs(rb), on the boundary. With the solution Vr as
the reference background, and noticing that the Euclidean time for the AdS soliton (2.16)
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and the reference background can have an arbitrary period β, we find that the Euclidean
action for the deformed AdS soliton solution (2.16) is
Is = −βsΣβ
16πG
rp+1s
l2
. (2.19)
The corresponding mass is
Es ≡ ∂Is
∂β
= −βsΣr
p+1
s
16πGl2
, (2.20)
and as expected, the associated entropy vanishes, S = βEs − Is = 0.
Note that the mass (2.20) for the AdS soliton is indeed negative, namely the mass of
the soliton is less than the reference background AdS space (2.6). On the other hand, let
us notice that for the same boundary topology R × S1 ×Mp−1, there exist three kinds
of bulk solutions: Ricci flat black hole solution (2.3), AdS space (2.6), and the deformed
AdS soliton solution (2.16). From the point of view of the dual CFTs, three kinds of bulk
solutions might correspond to three different phases, among which some phase transition
may happen like the Hawking-Page phase transition in the bulk for spherical AdS black
holes and confinement/deconfinement phase transition for the dual CFTs. From the above
calculations, however, we have seen that unlike the spherical AdS black hole, there does
not exist a phase transition between the Ricci flat black hole and AdS space, and the same
is true in the case between the AdS soliton and AdS space. Furthermore, let us point
out that as in general relativity, the AdS soliton has a less energy than the AdS space,
therefore it is more natural to consider the AdS soliton as the reference background. It is
quite interesting to see whether there does exist or not any phase transition between the
Ricci flat black hole and AdS soliton. To see this, let us calculate the Euclidean action
of the Ricci flat black hole by viewing the deformed AdS soliton (2.16) as the reference
background. In order that the Ricci flat black hole can be embedded into the AdS soliton
background at the boundary r = rb, in the Euclidean sector, the Euclidean time period
βτ for the AdS soliton and the period ηb for the coordinate x in the Ricci flat black hole
must obey the following conditions
rbβτ = βb
√
Vb(rb), rbηb = βs
√
Vs(rb). (2.21)
With the same procedure, we get the Euclidean action of the black hole
Ibs = − Σβbβs
16πGl2leff
(
rp+1+ − rp+1s
)
. (2.22)
Here leff =
√
2α˜/(1−
√
1− 4α˜/l2), and its appearance is due to the fact that the coor-
dinate x for the Ricci flat black hole (2.3) and the coordinate ϕ in the deformed AdS
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soliton (2.16) have different dimensions. If we rescale x in (2.16) as x/leff , the factor 1/leff
in (2.22) will disappears.
In this case, the mass of the black hole is
Ebs ≡ ∂Ibs
∂βb
=
Σβs
16πGl2leff
(
prp+1+ + r
p+1
s
)
. (2.23)
And the associated entropy
S =
Σβs
4Gleff
rp+. (2.24)
Note that from (2.21) one has ηb = βs/leff . Compared to (2.13) and (2.14), as expected,
we see that the black hole mass depends on the choice of the reference background, but
not for the entropy of the black hole. According to the Euclidean action (2.22), we see
that when r+ > rs, it is negative, while it is positive as rs > r+. That is, when crossing
the boundary r+ = rs, the Euclidean action changes its sign. The change of sign of the
Euclidean action is nothing but the indication of a first order phase transition, as in the
case of spherical AdS black hole. But, there is a significant difference between the cases
of Ricci flat black holes and spherical AdS black holes. For the Hawking-Page phase
transition of spherical AdS black holes, the phase transition is determined by the ratio of
black hole horizon (r+) and AdS radius l: when r+ > l, the black hole phase dominates,
while the thermal AdS space dominates as r+ < l. In our case, we can see from (2.22)
that the phase transition is now determined by the ratio r+/rs.
In addition, recalling ηb = βs/leff , let us notice that the Euclidean action (2.22) is
the exactly the same as in the case without the Gauss-Bonnet term [14], although the
spacetime metrics are changed. As a result, the Gauss-Bonnet term has no effect on the
Hawking-Page phase transition. It is expected that the result also holds for the Ricci flat
black holes in the more general Lovelock gravity.
3 Deformed AdS Soliton and Ricci flat black holes in
dilaton gravity
In this section we will first consider a special kind of dilaton gravity, which comes from
spherical reduction of Dp-branes in type II supergravity. In this kind of dilaton gravity,
there exists a kind of domain wall solutions, and the five-dimensional AdS space appears
as a special case. For this kind of domain wall configurations, the holographic principle of
quantum gravity can be nicely illustrated via the so-called domain wall/QFT (quantum
field theory) correspondence [18], which generalizes the AdS/CFT correspondence to the
case of non-conformal quantum theories.
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Let us start from the action of type II supergravity in the string frame
S =
1
2πG10
∫
d10x
√−g
(
e−2φ(R + 4(∂φ)2)− 1
2(8− p)!F
2
p−2
)
, (3.1)
where G10 = 8π
6α′4 is the gravitational constant in ten dimensions. The black Dp-brane
solution in the string frame has the form
ds2string = H
−1/2(−fdt2 + dx2p) +H1/2(f−1dr2 + r2dΩ28−p),
eφ = gsH
(3−p)/4,
F8−p = Qǫ8−p, (3.2)
where 0 ≤ p ≤ 6, gs is the string coupling constant at infinity, ǫ8−p is the volume form of
the sphere S8−p, and Q is the magnetic charge of the Dp-brane. In addition,
H = 1 +
r7−p0 sinh
2 α
r7−p
, f = 1− r
7−p
0
r7−p
. (3.3)
In the decoupling limit, α′ → 0, but keeping fixed U = r/α′, U0 = r0/α′ and the Yang-
Mills coupling constant g2YM, with g
2
YM = gs(α
′)(p−3)/2, the harmonic function reduces
to
H =
g2YMN
α′2U7−p
, (3.4)
where N is the number of Dp-branes and we have absorbed a numerical coefficient into
the Yang-Mills coupling constant g2YM. Except for the case of p = 3, the radius of angular
part in the string metric (3.2) depends on U . In order to remove the dependence, let us
consider the so-called “dual frame” [18]
ds2dual = (Ne
φ)2/(p−7)ds2string. (3.5)
In this frame, the action turns out to be [19]
S =
N2
16πG10
∫
d10x
√−g(Neφ)λ
(
R +
4(p− 1)(p− 4)
(7− p)2 (∂φ)
2 − 1
2N2(8− p)!F
2
8−p
)
, (3.6)
where λ = 2(p − 3)/(7 − p). In the decoupling limit, the solution in the dual frame has
the form
ds2dual = α
′
(
(g2YMN)
−1U5−p(−fdt2 + dx2p) + U−2f−1dU2 + dΩ28−p
)
,
eφ =
1
N
(g2YMNU
p−3)(7−p)/4,
F8−p = (7− p)N(α′)(7−p)/2ǫ8−p, (3.7)
9
where f = 1 − (U0/U)7−p. The metric is of the form AdSp+2 × S8−p for p 6= 5 and
E(1,6) × S3 for p = 5 in the dual frame. Note that for the case of p = 3, these two frames
are equivalent to each other since the dilaton is a constant in this case. In addition,
let us notice that in the dual frame, the radius of the angular part of the metric is a
constant. Therefore in this frame we can conveniently do a spherical reduction of the
type II supergravity on S8−p, and obtain the effective action of the gauged supergravity
in the Einstein frame [19] 3
S =
N2Ω8−p
(2π)7
∫
dp+2x
√−g(R− 1
2
(∂Φ)2 + V (Φ))− 2N
2Ω8−p
(2π)7
∫
dp+1x
√
−hK, (3.8)
where we have added a Gibbons-Hawking surface term, Ω8−p is the volume of the unit
sphere S8−p, and
V (Φ) =
1
2
(9− p)(7− p)N−2λ/peaΦ,
Φ =
2
√
2(9− p)
√
p(7− p) φ, a = −
√
2(p− 3)√
p(9− p)
. (3.9)
After the reduction, we obtain a Ricci flat black hole (black domain wall) solution
ds2 = (Neφ)2λ/p
[
(g2YMN)
−1U5−p(−fdt2 + dx2p) + U−2f−1dU2
]
,
eφ =
1
N
(g2YMU
p−3)(7−p)/4. (3.10)
The Ricci flat black hole has a horizon at U = U0, where f(U) vanishes. When p 6= 5, we
can make a further transformation
u2 = R2(g2YMN)−1U5−p, R = 2/(5− p), (3.11)
so that the Ricci flat solution takes the form
ds2 = (Neφ)2λ/p
[
u2
R2
(
−f˜dt2 + dx2p
)
+
R2
u2f˜
du2
]
,
eφ =
1
N
(g2YMN)
(7−p)/2(5−p)(
u
R)
(p−7)(p−3)/2(p−5),
f˜ = 1−
(
u0
u
)2(7−p)/(5−p)
, (3.12)
where u20 = R2(g2YMN)−1U5−p0 . Clearly the Ricci flat black hole is conformal to AdSp+2.
3since α′ will be eventually cancelled at the end of calculations, we will set α′ = 1 in the following.
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In [19], the stress-energy tensor of dual quantum field theory and the mass of the Ricci
flat black hole have been calculated via the surface counterterm method. The counterterm
is found to be
Sct = −2N
2Ω8−p
(2π)7
∫
dp+1
√−h c0
leff
, (3.13)
where
c0 =
√√√√(9− p)p(p+ 1)
2(7− p) ,
1
leff
=
√√√√ V (Φ)
p(p+ 1)
. (3.14)
The mass of the black hole is
M =
Ω8−p
(2π)7g4YM
9− p
2
U7−p0 Vp, (3.15)
where Vp is the volume for the Euclidean space described by dx
2
p. The Euclidean action
of the Ricci flat black hole is
I = −N
2Ω8−p
(2π)7
∫
dp+2x
√
g
(
R− 1
2
(∂Φ)2 + V (Φ)
)
+
2N2Ω8−p
(2π)7
∫
dp+1x
√
hK +
2N2Ω8−p
(2π)7
∫
dp+1x
√
h
c0
Leff
,
= −Ω8−pVpU
7−p
0
(2π)7g4YMT
5− p
2
, (3.16)
where T is the Hawking temperature of the black hole
T =
7− p
4π
1√
g2YMN
U
5−p
2
0 . (3.17)
According to E = ∂I/∂β and S = βE − I, it is easy to see that the energy of the black
hole is E = M and the entropy of the black hole
S =
Ω8−pVp
25π6g4YM
√
g2YMNU
(9−p)/2
0 . (3.18)
It is easy to show that the surface counterterm method here is equivalent to the back-
ground subtraction method if one chooses the solution (3.10) with U0 = 0 or (3.12) with
u0 = 0 as the reference background. We see from (3.16) that the action is always negative
for 0 ≤ p < 5, positive for p > 5, and vanishes for the case of p = 5. This implies that
compared to the thermal dilaton background (3.10) with U0 = 0 or (3.12) with u0 = 0, the
Ricci flat black hole is globally stable and dominates when p < 5, is marginal when p = 5,
and unstable for the case p > 5. Notice the fact that the supergravity configuration is
dual to the little string theory for the case p = 5, while gravity does not be decoupled for
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the case p > 5. Therefore our results are consistent with that observation. Furthermore,
we see from the Euclidean action (3.16) that there does not exist any phase transition
between the Ricci flat black holes and thermal dilaton background.
Now we consider double-analytically continuing the Ricci flat black holes with t→ iϕ
and x1 → it, where x1 is one of coordinates xp. 4 In that case, the black hole solution
becomes
ds2s = (Ne
φ)2λ/p
[
(g2YMN)
−1U5−p(fdϕ2 − dt2 + dx2p−1) + U−2f−1dU2
]
(3.19)
or
ds2s = (Ne
φ)2λ/p
[
u2
R2
(
f˜dϕ2 − dt2 + dx2p−1
)
+
R2
u2f˜
du2
]
, (3.20)
where U0 (u0) is replaced by Us(us) and the dilaton field is still given by (3.10) or (3.12).
For this solution, the horizon disappears and in order to remove the conical singularity,
the coordinate ϕ has to have a period with
βs =
4π
7− p
√
g2YMNU
p−5
2
s . (3.21)
In addition, let us notice that to keep the signature of the solution, one has to take U ≥ Us
in (3.19) or u ≥ us in (3.20). Note also that the solution (3.20) is just the AdS soliton
when p = 3. Naturally, we call the solution (3.19) or (3.20) the dilaton deformed AdS
soliton. As in the case of the AdS soliton, we expect that the dilaton deformed AdS
soliton has a lower mass than the dilaton background (3.10) with f = f˜ = 1. To see this,
let us calculate the Euclidean action of the Ricci flat black hole by viewing the soliton
solution as the reference background, which gives us with
Ibs = − Ω8−p
(2π)7
βsβVp−1
g4YM
5− p
2
(U7−p0 − U7−ps ), (3.22)
where β = 1/T is the inverse Hawking temperature (3.17) of the Ricci flat black hole.
From the Euclidean action, we can clearly see that there does exist the Hawking-Page
phase transition between the Ricci flat black hole and dilaton deformed AdS soliton.
When 1 ≤ p < 5, the black hole phase is globally stable and dominates when U0 > Us.
When p = 6, however, the thermal soliton phase is globally stable and dominates when
Us > U0. This difference is caused by the relation between the Hawking temperature and
U0 (3.17): when p < 5, a larger black hole has a higher temperature, while the converse
happens for the case of p = 6. When p = 5, the situation is subtle, the temperature of
the black hole is a constant, and the Euclidean action always vanishes. From the point of
4In that case, one has to have p ≥ 1, namely we exclude the black D0-brane solution here.
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view of dual little string theory, one has to consider higher order corrections [20]. Viewing
the deformed soliton as the reference background, the mass of the black hole is
Ebs = Ω8−p
2(2π)7
βsVp−1
g4YM
(
(9− p)U7−p0 + (5− p)U7−ps
)
, (3.23)
and associated entropy with the black hole is still given by (3.18).
So far we have considered the dilaton gravity (3.8) with the coupling constant a given
by (3.9), which comes from the spherical reduction of Dp-brane in type II supergrav-
ity. Next we consider a dilaton gravity with a Liouville-type potential with an arbitrary
coupling constant a,
S =
1
16πG
∫
dp+2x
√−g
(
R− 1
2
(∂φ)2 + V0e
−aφ
)
, (3.24)
where G is the gravitational constant in p+2 dimensions and V0 is a constant. The Ricci
flat black hole solution has the form [12]
ds2 = −f(r)dt2 + f(r)−1dr2 +R2(r)dx2p,
R(r) = rn,
φ(r) = φ0 +
√
2np(1− n) ln r,
f(r) =
V0e
−aφ0r2n
np(n(p+ 2)− 1) −mbr
1−np, (3.25)
where φ0 and mb are two integration constants, dxp describes the line element of p-
dimensional Ricci flat space, and the constant n has a relation to the coupling constant
a as
a =
√
2np(1− n)
np
. (3.26)
Note that when n = 1, the solution (3.25) reduces to the (p + 2)-dimensional AdS Ricci
flat black hole with a constant dilaton. Therefore we will not consider the special case
with n = 1 in what follows. However, the case of n = 1 will be naturally included
in the following discussions. The black hole horizon r+ is determined by the equation
f(r)|r=r+ = 0. The associated Hawking temperature is
T = 1/β =
V0e
−aφ0
4πnp
r2n−1+ . (3.27)
The entropy of the black hole obeys the so-called area formula since we are working in
the Einstein frame, and is
S =
Vp
4G
rnp+ , (3.28)
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where VP is the volume of the manifold dx
2
p. Furthermore, if we choose the solution with
mb = 0 as the reference background, the mass of the black hole has the form
M =
mbVpnp
16πG
=
V0e
−aφ0Vpr
n(p+2)−1
+
16πG(n(p+ 2)− 1) . (3.29)
The Euclidean action of the black hole can also be calculated by the formula: I ≡ βF =
βM − S, where F is the free energy of the black hole, which is equivalent to obtain the
Euclidean action from (3.24). We find
I = −Vpr
np
+
4G
2n− 1
n(p+ 2)− 1 . (3.30)
The action is always negative if n > 1/2 or n < 1/(p + 2), and positive if 1/(p + 2) <
n < 1/2. Let us notice that in order to have a well-behaved boundary metric, on which
the dual QFT resides, we have n > 1/(p+ 2) from the solution (3.25). In addition, when
n = 1/2, the action vanishes like the case of D5-branes.
The dilaton deformed AdS soliton solution for the action (3.24) can be obtained by
double analytical continuation from the black hole solution (3.25) via t→ iϕ and x1 → it,
so that we have
ds2 = f(r)dϕ2 + f(r)−1dr2 +R2(r)(−dt2 + dx2p−1),
R(r) = rn,
φ(r) = φ0 +
√
2np(1− n) ln r,
f(r) =
V0e
−aφ0r2n
np(n(p+ 2)− 1) −msr
1−np, (3.31)
To remove the conical singularity at r = rs, which satisfies f(rs) = 0, the coordinate ϕ
has to have a period βs obeying
βs =
4πnp
V0e−aφ0
r1−2ns . (3.32)
Viewing the soliton as the reference background, we obtain the Euclidean action of the
black hole
Ibs = −V0e
−aφ0Vp−1ηbβ
16πG np
2n− 1
n(p + 2)− 1
(
r
n(p+2)−1
+ − rn(p+2)−1s
)
, (3.33)
where ηb is the period of the coordinate x1 for the black hole solution (3.25), which has
a relation to βs via ηb = βs/leff with leff =
√
np(n(p+2)−1)
V0e−aφ0
. Again, in this background, the
energy of the black hole is
Ebs = V0e
−aφ0ηbVp−1
16πGnp
1
n(p + 2)− 1
(
np r
n(p+2)−1
+ + (2n− 1)rn(p+2)−1s
)
. (3.34)
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And the entropy is still given by (3.28). We see from the action (3.33) that there does
exist a phase transition between the Ricci flat black hole and the dilaton deformed AdS
soliton when n 6= 1/2. When n > 1/2, the black hole phase dominates if r+ > rs. When
n < 1/2, the thermal soliton phase dominates if rs > r+. As the Euclidean action changes
its sign, a Hawking-Page phase transition happens.
4 Conclusions and Discussions
In this paper we have studied Ricci flat black holes and deformed AdS soliton in Gauss-
Bonnet gravity and dilaton gravity with a Louville-type dilaton potential including the
gauged supergravity coming from the spherical reduction of Dp-branes in type II super-
gravity. In Gauss-Bonnet gravity, the black hole solution and AdS soliton are greatly
deformed by the Gauss-Bonnet term, but the black hole entropy still obeys the area
formula and the Hawking-Page phase transition between the black hole and soliton back-
ground is still determined by the black hole temperature through the horizon r+ and the
compact radius ηb through rs. The Gauss-Bonnet coefficient α explicitly disappears in the
Euclidean action. As a result, the Gauss-Bonnet term has no effect on the Hawking-Page
phase transition, compared to the case without the Gauss-Bonnet term. This is quite
different from the case of spherical black holes [9].
In dilaton gravity, the high temperature phase is dominated by black holes in some
cases, and in other cases is dominated by deformed thermal solitons, depending on the
dilaton coupling constant. For example, see the action (3.22). When p < 5, the high
temperature phase is dominated by the black hole while by the soliton background for
p = 6. The same happens in (3.33): in the high temperature phase, the black hole
dominates when n > 1/2, while the deformed AdS soliton dominates when n < 1/2.
This feature is new, compared to the case of Einstein gravity, where black hole always
dominates in the high temperature phase [14].
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